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1.   Importance of modeling network growth

The World Wide Web provides a vast repository of
information and continues to grow as an important
new medium of communication. The pages and
hyperlinks of the Web can be viewed as nodes (ver-
tices) and links (edges) of a network (graph). When
there is a hyperlink from one Web page to another, we
can consider that the administrator of the former Web
page recommends the latter Web page or that these
two Web pages have some relationship in the real
world. Therefore, the network structure of the Web is
useful information. For example, like the HITS
(hyperlink-induced topic search) algorithm or the
PageRank algorithm of Google, this structure is used
to improve Web search engines [1].

The Web is a growing network that is constantly
evolving as a result of the addition of new pages and
hyperlinks. Therefore, modeling the network growth
dynamics of the Web is an important research issue.
In particular, such a model could be useful to predict
the network structure of the Web in the future and to
deeply understand the ecology of the Web [2].

2.   Scale-free networks

Recently, considerable attention has been devoted
to exploring real-world complex networks and there
has been progress in research that aims to clarify the
statistical regularities of various large-scale networks

and model their growth processes [3], [4]. A funda-
mental characteristic of any network is the degree dis-
tribution, which is defined as the distribution of the
number of links for every node in the network. Fig-
ure 1(a) gives an example of the degree of a node in
a network. Recent empirical results show that for
many large-scale real-world networks, including the
Web, the degree distributions do not follow Poisson
distributions*1, which the classical random graph the-
ory*2 expects, but possess power-law tails [2]-[4].
Figure 1(b) shows the degree distribution for the net-
work of mp3-related Web pages*3 on a double-loga-
rithmic scale. Here, note that the power law is
expressed by the linearity of the distribution curve.
These observations suggest that for many large-scale
real-world networks including the Web, the growth
processes cannot be completely random but may
obey certain self-organization principles. Moreover,
after they have grown sufficiently, their degree distri-
butions must have power-law tails.
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*1 Poisson distribution: The probability distribution that arises when
counting the number of occurrences of a rare event such as the
number of car accidents in one day. If the degree distribution of a
network follows a Poisson distribution, the probability that there
exists a node with a very high degree called a hub becomes expo-
nentially low. However, if the degree distribution has a power-law
tail, this probability cannot become too low, so hubs can exist in
such a network.

*2 Classical random graph theory: This is the mathematical theory
for the statistical properties of random graphs. Studies of it were
begun by Erdösh and Rény in about 1960. They studied the static
graphs generated by randomly adding edges to a fixed set of ver-
tices.

*3 mp3: MPEG 1 Audio Layer 3. A popular format for compressing
digital audio files. 
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Albert and Barabási discovered a network growth
model satisfying these conditions [4]. The principal
ingredient of the Barabási-Albert (BA) model is a
mechanism of preferential attachment, in which the
probability that an existing node gains a new link is
proportional to the number of links that it currently
has (Fig. 2(a)). However, the degree distribution of
the BA model has been proved to follow a power law
with index of –3, although large-scale real-world net-
works can obey various power-law distributions.
Therefore, some variants of the BA model have been
proposed to construct power-law distributions with
indices other than –3 [4].

Since a system with a power law is known to have
a scale-free (scale-invariant) nature, the network
growth models with power-law degree distributions
are generally referred to as scale-free models. With
the aim of constructing a more precise statistical-
model of a real-world growing network such as the
Web, NTT Communication Science Laboratories
proposed a new scale-free model for network growth
that incorporates directional attachment and commu-
nity structure [5].

3.   Directional attachment

When a new link is created at a time-step, there are
four ways it can be attached: 1) from an old node to
an old node, 2) from an old node to a new node, 3)
from a new node to an old node, or 4) from a new
node to a new node (Fig. 2(b)). Every growing net-
work has its own bias for these four cases. Namely,
the probabilities of each of these four cases occurring

can change depending on the growing network to be
modeled. The mechanism that appropriately biases
these four cases in a new link creation is referred to as
directional attachment.

Therefore, given a growing network, for example, a
network of Web pages belonging to a certain catego-
ry, we can model the growth process more precisely
by incorporating the directional attachment that is
appropriate for it [5].

4.   Community structure

We can consider that the community structure of a
network is the decomposition of the set of nodes into
the clusters that arise from its undirected graph struc-
ture. Namely, a community is defined as a collection
of nodes in which each member node has more links
to nodes within the community than to nodes outside
it. One characteristic of the Web is the existence of a
community structure, and the Web grows as various
clusters are formed. Namely, the following situation
can often be observed in its growth process: an
increasing number of links are created within each
community while the links between communities
remain sparse (Fig. 3(a)). Incorporating the commu-
nity structure enables us to model this sort of detailed
growth process [5].

In an effort to identify communities, there have
been several investigations using graph-theoretic
methods. However, those investigations treated only
static networks; that is, the numbers of nodes and
links were not allowed to increase. Therefore, intro-
ducing the community structure into network growth
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Fig. 1.   Degree distributions.
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Fig. 2.   Mechanism for creating new links.
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models may be a promising approach.

5.   Proposed model

Here, we outline our network growth model that
incorporates directional attachment and community
structure. The number of communities and the num-
ber of links introduced at every time-step are fixed in
advance. Now, let us describe the process of creating
a new link in a network. First, both the community to
which the originating node belongs and the commu-
nity to which the target node belongs are probabilis-
tically chosen. Next, whether the nodes are new or
old is probabilistically decided according to the
directional attachment. Next, it is probabilistically
decided according to the mixture of preferential and
uniform attachment which nodes are chosen as the
originating node and the target node. Thus, the
growth dynamics is mathematically modeled as a sto-
chastic process. However, there are many parameters
that should be adjusted in this model, such as the
number of communities.

6.   Learning algorithm and evaluation

To acquire a statistical model for the short-term
growth process of a growing network such as the
Web, we must make the proposed model learn based

on the observed data. That is, we must adjust the
model parameters. Note that the observed data is
time-series data such as that illustrated in Fig. 3(b)
and that the community structure shown in Fig. 3(a)
is not given. At NTT Communication Science Labo-
ratories, we have constructed an efficient learning
algorithm for the network growth model with direc-
tional attachment and community structure and
experimentally confirmed its effectiveness [5].

Using real Web data, we experimentally investigat-
ed the effectiveness of incorporating directional
attachment and community structure [5]. Figure 4
shows experimental results for the growing network
of mp3-related Web pages for three months. The pre-
diction error is plotted with respect to the number of
communities for the models with and without direc-
tional attachment. We evaluated the ability of the
learned model from the prediction performance of the
probability distribution for a new link creation at the
next time-step. Figure 4 shows that the prediction
performance can be improved by incorporating direc-
tional attachment. We also observed that although the
prediction performance can be raised by increasing
the number of communities, there can be an optimal
number of communities (11 in this case). This
implies that the prediction performance can be
improved by incorporating the community structure.
Therefore, incorporating directional attachment and

(a) Example of a growing network with two communities

(b) Example of a growing network (observable data)
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Fig. 3.   Network growth.
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community structure into a scale-free model enables
us to acquire a more precise statistical model for the
short-term growth process of a network such as the
Web.

Moreover, for the growing network of mp3-related
Web pages, the inferred community structure with 11
communities can be regarded as the optimal commu-
nity structure obtained by taking into account the net-
work growth. Namely, the proposed method enables
us to identify Web communities by acquiring the sta-
tistical model of the network growth dynamics.

7.   Future work

We described research on modeling the growth
processes of Web networks based on the statistical
learning approach. The Web data set is huge and com-
bines many types of features such as text, hyperlinks,
images, and user behavior (log data). Moreover, the
Web changes over time. From the scientific and tech-
nological points of view, mining and modeling this
rich collection of data have become important and
challenging research issues. We aim to model the
Web dynamics as precisely as possible and to extract
useful information from the Web based on the
acquired models. Currently, in an effort to solve the
problem of modeling fluctuations in the number of
visitors to Web sites that form a particular market, we
are attempting to categorize the sites into groups of

competitors and to predict the future
shares of the sites based on the observa-
tions [6].
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Fig. 4.   Prediction performance for the growing network of mp3-related
Web pages.
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