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1.   What is chaos?

If you look up the word “chaos” on the Internet, you 
are likely to find loose definitions, such as “an 
expression describing a chaotic situation or aspects in 
which various elements are jumbled and incoherent.” 
Chaos conjures up images of unpredictable irregu-
larities, such as “the stock prices are chaotic right 
now,” or “my desk is chaotic.” In mathematics, how-
ever, chaos is a well and rigorously defined subject of 
study. If one wants a definition, although not mathe-
matically exact, one can say “chaos is a seemingly 
disordered complex movement that evolves accord-
ing to well set laws.” For physicists and engineers, 
chaos has attracted attention for its behavior that lies 
between irregular random motion and periodic regu-
lar motion [1].

For a researcher, chaos has several attributes. First, 
it has reproducibility, meaning that under the same 
initial conditions a chaotic system will repeatedly 
show the same behavior. Thus once the initial state is 
perfectly known, it is, in principle, completely pre-
dictable. This is an important property that distin-
guishes it from random motion. However, chaos is 
characterized by the butterfly effect, in which the 
tiniest difference in the initial conditions will cause a 
large change, which practically makes chaos all but 
unpredictable. In principle, if the initial state is com-

pletely known, one can accurately predict the future 
evolution of the system; however, even the slightest 
mistake or difference in the initial state—say 
0.001%—will make a large difference in how the 
system behaves after a while.

Perhaps a good example would be to imagine the 
bouncing of a rugby ball. It would not surprise you to 
know that the motion of a rugby ball follows the laws 
of physics, the same laws that describe bowling balls 
and airplanes, and according to those laws, if the ini-
tial conditions can be reproduced (speed, angle, 
twist…), then the motion of the rugby ball can also be 
reproduced. However, anyone who enjoys watching a 
rugby match understands how difficult that is, and 
how only slight changes in angle or speed would 
quickly lead to a different trajectory and a loss for 
your favorite rugby team.

Another characteristic of chaos is that such seem-
ingly complex behavior can occur in mathematically 
simple dynamical systems. To be clear, chaos does 
occur in large systems with many components 
(degrees of freedom as the mathematicians call 
them). Think of, for example, the turbulent waters of 
a flowing river or the behavior of weather that 
depends on many parameters, e.g., humidity, wind 
speed, cloud cover, precipitation, temperature, and 
pressure. However, the appeal of chaos is that it 
equally appears in simpler systems. For instance, it 
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has long been known that three stars orbiting each 
other could lead them to have chaotic orbits, even if 
we neglect the influence of every other object in the 
universe upon these three stars. That such simple 
systems can generate such a complex behavior is cer-
tainly a property that engineers, physicists, and math-
ematicians find particularly interesting.

Despite this interest in chaos as a scientific phe-
nomenon, it has remained rather untamed and diffi-
cult to apply technology. Nevertheless, serious efforts 
are underway to put the properties of chaos to applied 
use, such as secure communication, where chaos’ 
complex signals are used to encrypt and mask infor-
mation, or the use of chaos in efficient machine learn-
ing that uses a state known as the edge of chaos*1 to 
execute such computation efficiently. 

Some of the questions of practical interest, if chaos 
is to serve in applications, are what are the necessary 
conditions to reliably generate chaos?, Can such reli-
able chaos be generated using low-power methods?, 
and What exactly are the properties of the generated 
chaos? Motivated by this background of challenges, 
we developed and demonstrated a chaos-generation 
method that can successfully generate chaos in a reli-
able fashion all while using low power in a microelec-
tromechanical device. The following sections 
describe this method.

2.   Chaos generation via libration motion

Microelectromechanical systems (MEMS), as their 
name suggests, are miniaturized devices that can 
either produce or detect mechanical forces. Other 
than their size, MEMS devices are distinct from con-
ventional electromechanical systems (think electric 
motors or even sound speakers) in that they are fabri-
cated using the same materials and processes that are 
used to make the electronic devices and integrated 
circuits that power our cellphones, computers, and 
cars. Therefore, MEMS devices have been extremely 
successful as various sensors, high-frequency filters, 
accelerometers, gyroscopes, and portable digital pro-
jectors.

It is therefore not surprising that efforts to generate 
chaos using MEMS or further-miniaturized nano-
electromechanical systems (NEMS) mechanical 
oscillators*2 have attracted significant attention. Such 
efforts are motivated by the availability of low-cost 
MEMS/NEMS devices on the one hand, and on the 
other the possibility to directly integrate them with 
electronics in packages that combine both sensors, 
signal processors, and machine learning.

Despite multiple successful demonstrations of 
chaos generation using MEMS oscillators, they 
remained more in the realm of fundamental research 
rather than application. One of the main reasons is the 
need for complex device geometries such as comb-
shaped electrodes. Another especially impactful rea-
son is the need to apply high voltages on the order of 
several tens of volts, which may not seem very large 
by comparison to the electric wall plug but consid-
ered quite substantial by microelectronics standard. 
Researchers working at NTT laboratories have dem-
onstrated a simple and low-power, i.e., low voltage, 
method for the generation of chaos in MEMS/NEMS 
devices by simply applying two slightly different 
frequencies to the mechanical device. This method 
leverages a type of motion known as libration*3 to 
induce chaos with drive voltages on the order of a 
fraction of a volt [2].

Figure 1 shows the difference in the transition to 
chaos generated using a MEMS/NEMS oscillator 
between the classical method and above method 
developed by NTT laboratories. First, consider the 
classical method, with which the oscillatory is forced 

*1	 Machine learning and edge of chaos: Machine learning is one of 
the building blocks of artificial intelligence. This technology en-
ables a computer to find common patterns and rules from large-
scale data and apply them to new input data to make various 
judgments and predict the results. There are several methods for 
machine learning, however, unlike deep learning, which adapts to 
the network, with reservoir computing, only the output layer is 
modified while the network remains unchanged. In reservoir 
computing, it is often pointed out that using the edge of chaos 
state improves performance.

*2	 Mechanical oscillator: An artificial structure in which mechanical 
vibration can be produced. Examples include acoustic musical 
instruments, such as violins and harps, where the musical note is 
generated thanks to the motion of a structure (cord or bell cup). 
With the developments in the semiconductor industry, it is now 
possible to produce mechanical oscillators smaller than a hair’s 
width on a semiconductor chip, which are MEMS. One of the 
most commonly used shapes for mechanical oscillators is the 
doubly clamped beam used in this study.

*3	 Libration: Libration is used to (usually) indicate a small-ampli-
tude periodic motion on top of another large-amplitude (and usu-
ally higher frequency) periodic motion. For instance, astronomi-
cal objects, such as the moon and Earth, have regular periodic 
motions of rotation and revolution, but they also have other slow 
periodic motions. The latter are librations and small compared 
with the rotation and revolution and have periods on the order of 
several years to tens of thousands of years. The libration motion 
is caused by a variety of factors, including the ebb and flow of 
tides and the gravitational pull of the other planets. This is equal-
ly the case of mechanical oscillators under the effect of two nar-
rowly separated frequencies where the overall influence is to 
have a periodic motion plus a weak low-frequency libration enve-
lope (AM envelope). If this libration motion is in resonance with 
nonlinear properties of the device, then chaos may be generated 
more easily.
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from a regular periodic motion (Fig. 1(a)) into pro-
ducing a chaotic motion (Fig. 1(b)). To achieve such 
a transition, it is necessary to have a large structure, 
known as a comb-shaped electrode, and apply a high 
voltage to find the right conditions to transform the 
periodic motion into chaotic oscillations.

With the new method, chaos generation is facili-
tated by the use of libration motion, where the peri-
odic motion is composed of two frequencies not just 
one (Fig. 1(c)), and the first periodic motion is modi-
fied periodically by the second periodic motion. This 
is not unlike amplitude modulation (AM) found in 
AM radio. The team of NTT researchers realized that 
it is possible to leverage this motion in a nonlinear 
nanomechanical oscillator to create a chaotic motion 
without the high voltage and special design con-
straints found with the classical method (Fig. 1(d)). 
The researchers were equally able to successfully 
identify the necessary conditions for the generation 
of chaotic motion.

Figure 2 shows a diagram of the experimental 
equipment used in this study. The beam structure is 
made from layers of piezoelectric semiconducting 
materials known as gallium arsenide (GaAs) and alu-
minum gallium arsenide (AlGaAs). By applying an 
alternating current (AC) voltage to the electrodes 
shown in the figure, the beam starts to oscillate in the 

direction shown with the red arrow. The vibration of 
the beam is measured using a laser interferometer 
device, and the amplitude of vibration is split into a 
sine and cosine components using a lock-in amplifier 
(note that these are the same sine and cosine compo-
nents that telecommunication engineers are so famil-
iar with).

The method for generating the libration motion and 
chaos is quite simple. Apply two different AC fre-
quencies (f1 and f2 in the figure) to drive the mechan-
ical device, if the frequencies are not very different, 
then they will cause a beat that is equal to their differ-
ence. This beat is what causes the AM shown in Fig. 
1(c).

Another way to visualize this AM is to draw the 
sine and cosine components, as done in Fig. 3 (right 
column; (d), (e), (f)). By applying the two AC fre-
quencies, the AM envelope, shown in Fig. 3 (left 
column; (a), (b), (c)), is periodic at first (Fig. 3(a)). 
This periodicity is seen as a simple closed orbit (also 
called libration orbit, hence libration motion) if 
observed in the sine and cosine plots (Fig. 3(d)). By 
slightly changing the drive voltages, the AM envelope 
undergoes what is called a period-doubling bifurca-
tion, and we see clearly that there is a new second 
period even though we have not changed the frequen-
cies of the two drive tones (Figs. 3(b) and (e)). This 

Fig. 1.   �Schematic diagram of chaotic vibration. The horizontal axis represents time, and the vertical axis represents the 
displacement of the vibrator. (a) Regular periodic motion of a normal oscillator. (b) Periodic motion in a chaotic state. 
The amplitude and phase of the vibration are irregular. (c) Regular libration. The amplitude (red line) of the fine 
vibration indicated with the blue line changes periodically. (d) Chaotic libration. The change in vibration amplitude 
shown with the red line indicates irregular behavior.

(a) Regular periodic oscillation (b) Chaotic oscillation

(c) Regular periodic libration (d) Chaotic libration (this study)
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Fig. 2.   �Schematic diagram of the mechanical oscillator and measurement setup used in the experiment. The beam structure 
is 150 µm long, 20 µm wide, and 0.6 µm thick. Electrodes, which can electrically drive and detect vibrations, are 
formed on the surface of the structure. By applying AC voltages including two frequencies to these electrodes, 
chaotic vibrations are generated. The vibration is detected using a laser interferometer, and the sine and cosine 
components of the vibration are individually measured using a lock-in amplifier to confirm the chaos. The vibration 
frequency of the beam is approximately 1.6 MHz.
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Fig. 3.   �(a) - (c) Time variation of measured vibration amplitude (cosine component). They correspond to the red curves 
shown in Fig. 1. (d) - (f) Trajectories of the sine and cosine components of the vibration amplitude. Δ represents the 
frequency difference between the two AC voltages. At Δ = 6.5 kHz, the amplitude changes periodically, and the 
trajectories of the sine and cosine amplitudes are closed curves. However, when Δ reaches 5.4 kHz, the periodicity 
of the oscillation starts to change, and when Δ reaches 3.3 kHz, it shows chaotic and irregular amplitude change; 
the trajectories in (f) are not lines but are distributed over a wide area.
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period-doubling bifurcation is a sign that we are well 
on our way to chaos, and by changing the drive forc-
ing just a little bit more, the AM envelope and libra-
tion motion both demonstrate a breakdown of the 
main periodic motion and onset of a chaotic motion 
(Figs. 3(c) and (f)).

To rigorously demonstrate that we have achieved a 
chaotic motion, we need to calculate the Lyapunov 
exponent*4 which quantitatively confirms the prop-
erty of chaos to produce large changes due to small 
differences in initial conditions. In our collaboration 
with Tokyo Institute of Technology, we confirmed 
that such a property is indeed present using numerical 
calculations and simulations.

This new chaos-generation method has three major 
advantages. First, it is possible to use small voltages 
(~1 V in the experiment), which makes it easy to 
interface with current low-power electronic circuits. 
Second, because large structures (by MEMS stan-
dards), such as comb-shaped electrodes, are not 
required, the process of miniaturization and integra-
tion is more convenient. The third advantage is that 
this method is not limited to mechanical oscillators 
but can be implemented in a variety of devices includ-
ing optical resonators used in laser technology, there-
fore combining the roles of optical communications 
and secure encryption in a single system.

3.   Future outlook

In this article, we presented a new chaos-generation 
method using libration motion in a nanomechanical 
oscillator was presented. This method can generate 
chaos in nanomechanical devices with a drive voltage 
that is more than an order of magnitude smaller than 
with the classical method, all while being more suit-
able for miniaturization and integration. The tradeoff 
being, that since, as shown in Fig. 1, the frequency of 
the generated chaos is smaller than that of the original 
vibrations, a higher frequency oscillator is needed to 
generate a chaotic signal with a practical bandwidth. 
We succeeded in demonstrating nanomechanical 
oscillators with frequencies up to the GHz using pho-
nonic crystals. We will continue to work on improv-
ing the performance of such systems and hope to 
enable applications such as machine learning using 
integrated nanomechanical devices.
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*4	 Lyapunov exponent: In a chaotic dynamical system, the coordi-
nate representing the dynamical system (for example the speed of 
the oscillator) varies unpredictably with time. It takes only a 
slight inaccuracy in the velocity measurement to make the system 
unpredictable. As a mathematical indicator, the Lyapunov expo-
nent indicates how the distance between the predicted and actual 
motion increases exponentially with time. For a system to be 
chaotic, the Lyapunov exponent needs to be positive.
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